THE FIXED POINT PROPERTY IN DIRECT SUMS 
AND MODULUS R{a,X) 



ANDRZEJ WISNICKI 

(<~^ . Abstract. We show that the direct sum (Xi ® ... ® X^)^ with a strictly 

I monotone norm has the weak fixed point property for nonexpansive 

mappings whenever M(Xi) > 1 for each i = l,...,r. In particular, 
I {Xi © ... © Xr)^ enjoys the fixed point property if Banach spaces Xi 

\^ . are uniformly nonsquare. This combined with the earlier results gives 

I a definitive answer for r = 2: the direct sum Xi ©^ X2 of uniformly 

^SJ ■ nonsquare spaces with any monotone norm has FPP. Our results are 

extended for asymptotically nonexpansive mappings in the intermediate 
. sense. 

^' 

■ 1. Introduction 

A Banach space X is said to have the fixed point property (FPP, for 
short) if every nonexpansive mapping T : C C, i.e., 

($5: \\Tx-Ty\\<\\x-y\\, x,yeC, 

. acting on a (nonempty) bounded closed and convex subset C of X has a 

I fixed point. A Banach space X is said to have the weak fixed point property 

O ■ (WFPP, for short) if we additionally assume that C is weakly compact. The 

fixed point theorem of W. A. Kirk [22j asserts that every Banach space with 
weak normal structure has WFPP. Recall that a Banach space X has weak 
normal structure if r{C) < diamC for all weakly compact convex subsets C 
of X consisting of more than one point, where r(C) = inf sup^g,^ — y|| 
is the Chebyshev radius of C. For more information regarding metric fixed 
5^ I point theory we refer the reader to [I1[TH[T5] . 

The permanence properties of normal structure and other conditions 
which guarantee the fixed point property under the direct sum operation has 
been studied extensively since the 1968 Belluce-Kirk-Steiner theorem [3], 
which states that a direct sum of two Banach spaces with normal structure, 
endowed with the maximum norm, also has normal structure. Nowadays, 
there exist many results concerning permanence properties of conditions 
which imply normal structure (see [H] for a survey). However, the problem 
is more difficult if at least one of spaces lacks weak normal structure (see [21] 
and references therein) and it is quite well understood only for nonexpansive 
mappings defined on rectangles Ci x C2 (see [23tl2^). 
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It was recently proved in [3T] that if a Banach space X has WFPP and Y 
has the generahzed Gossez-Lami Dozo property (which is a shghtly stronger 
property than weak normal structure) or is uniformly convex in every direc- 
tion, then the direct sum X (BY with a strictly monotone norm has WFPP. 
The present paper is concerned with direct sums (Xi © ... © X^)^ of Banach 
spaces with M{Xi) > 1 (see Section 2 for the definitions of a ■i/'-direct sum, 
M{X) and -R(a,X)). Dhompongsa, Kaewcharoen and Kaewkhao proved 
that (Xi © ... © Xr)^ has WFPP whenever M{Xi) > 1 for each i = 1, ...,r 
and G \E'r. is strictly convex. Kato and Tamura [20j proved that if ip ^ ipi 
then R{Xi ©^ X2) < 2 iff R{Xi) < 2 and /^(Xa) < 2. Subsequently, Kato 
and Tamura [21] showed that R{a, (Xi © ... © Xr)oo) = niaxi<j<j. i?(a, Xj) 
and, consequently, (Xi © ... © Xr)oo has WFPP whenever M(Xj) > 1 for 
each i. 

In this paper we show that (Xi © ... © X^)^ has WFPP if M(Xi) > 1 
for each i = 1, ...,r and the norm || ■ ||^ is strictly monotone. In paricular, 
(Xi © ... ©Xr)^ has FPP if Banach spaces Xj are uniformly nonsquare and 
II • 11^ is strictly monotone. This combined with the aforementioned results 
gives a definitive answer for r = 2: the direct sum Xi ©^ X2 of uniformly 
nonsquare spaces with any monotone norm has the fixed point property. 
Theorems 13.81 and 13.91 extend our results for asymptotically nonexpansive 
mappings in the intermediate sense. 

2. Preliminaries 

The modulus R{a, X) of a Banach space X was defined by Domfnguez Be- 
navides [5] as a generalization of the coefficient -R(X) introduced by Garcia 
Falset pn!]. Recall that, for a given a > 0, 

R{a, X) = sup{liminf ||x„ + a;|| }, 

where the supremum is taken over all x G X with ||x|| < a and all weakly 
null sequences in the unit ball Bx such that 

D[(x„)] = limsuplimsup ||x„ — Xm\\ < 1- 

71— >00 771— >00 

Define 

Then the condition M(X) > 1 implies that X has the weak fixed point 
property for nonexpansive mappings (see [9]). We shall need the following 
characterisation of M(X) proved in [5l Lemma 4.3] (see also fl2[ Corollary 
4.3]). 

Lemma 2.1. Let X be a Banach space. The following conditions are equiv- 
alent: 

(a) M(X) > 1, 

(b) there exists a > such that R{a,X) < 1 + a, 

(c) for every a > 0, R{a, X) < 1 + a. 
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Let us now recall terminology concerning direct sums. A norm ||-|| on 
is said to be monotone if 

< II ..,?/„) II 

whenever |a;i| < |?/i| , |x„| < |?/„|. A norm ||-|| is said to be strictly 
monotone if 

||(xi,...,a;„)|| < ||(?/i,...,y„)|| 

whenever |a;j| < \yi\ for i = 1, ...,n and \xif^\ < \y^^\ for some Iq. It is easy to 
see that £p-norms, 1 < p < oo, are strictly monotone. A norm ||-|| on is 
said to be absolute if 

||(a:i,...,x„)|| = ||(|xi| |x„|)|| 

for every (xi, X2, x„) G M". It is well known (see [2]) that a norm is 
absolute iff it is monotone. 

We will assume that the norm is normalized, i.e., 

||(1,0,...,0)|| = ... = ||(0,...,0,1)|| = 1. 

Bonsai and Duncan [6] showed that the set of all absolute and normal- 
ized norms on (C^) is in one-to-one correspondence with the set ^ of 
all continuous convex functions on [0, 1] satisfying '?/'(0) = V'(l) = 1 ^ind 
max{l — t, t} < ip{t) < 1 for < t < 1, where the correspondence is given 
by 

7/>(t) = ||(l-t,t)||, 0<t<l. (1) 
Conversely, for any ip define 

||(a;i, 0:2)11^ = (|a;i| + |x2|)V^(|a;2| / |xi| + |x2|) 

for (xi,X2) 7^ (0,0) and ||(0,0)||,/, = 0. Then || ■ ||^ is an absolute and 
normalized norm which satisfies ([T]) (see [HIES])- For example, the f^-norms 
correspond to the functions 



{{l-ty + tPf/p ifl<p<oo, 
max{l — t, t} if j9 = 00. 



It was proved in [291 Corollary 3] that a norm || ■ ||^ in is normalized and 
strictly monotone iff 

for all < t < 1. 

Saito, Kato and Takahashi [27] generalized the result of [6] to the n- 
dimensional case. Let 

A„ = {(si,...,s„_i) eW-^ : Si + ... + s„_i < I, Si >0,z = l,...,n-l} 

and denote by the set of all continuous convex functions on A„ which 
satisfy the following conditions: 
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V^(1,0,...,0) = V^(0,1,0,...,0) = .. 

1p{Si, Sn-l) > (Sl + ... + S„_i)V'( 
ljj{Si, ...,Sn-l) > {I - Si)iIj{0, "^^ 



. = ^(o,...,o,i) = : 

Si 

I I ) ■ ■ ■ ) I I )1 

Si + ... + Sn-l Si + ... + Sn-l 

Sn-l . 



Sn-l 



1 — Si ' ' 1 — Si 



V'(Si,...,S„_l) > (1 -S„_i)?/'( 



Si 



1 - Sn-l 1 - Sn-l 



Then the set of all absolute and normalized norms on (C") is in one- 
to-one correspondence with the set where the correspondence is given 
by 

En— 1 
Si,Si,...,S„_i) , {Si,...,Sn-l) e An, (2) 
t=l 

and if ip & "^n then 

\\ixi,X2, ...,Xn)\\i, = i\xi\ + \x2\ + ... + |a;„|)x 





X2 




Xn 




\Xi 


+ 


X2 


+ 


... + 




, . . . , 


Xi 


+ 


X2 


+ 


... + 





defined for {xi,X2, ■■.,Xn) 7^ (0, 0, 0), ||(0, 0, 0)||^ = 0, is an absolute 
and normalized norm which satisfies ([2]) (see [271 Theorem 3.4]). 

Let Xi,...,Xr be Banach spaces and ^ ^r- Following [29], we shall 
write (Xi © ... ©X^.)^ for the ^'-direct sum with the norm ||(xi, ...,Xr)||^ = 
ll^rlDllv., where {xi, ...,Xr) e Xi x ... x X^. 



3. Fixed point theorems 

Let T : C — C be a nonexpansive mapping, where C is a nonempty 
weakly compact convex subset of a Banach space X. By the Kuratowski- 
Zorn lemma, there exists a minimal (in the sense of inclusion) convex and 
weakly compact set i^' C C which is invariant under T. Let (x„) be an 
approximate fixed point sequence for T in K, i.e., lim„_>oo \\Txn — Xn\\ = 0. 
The Goebel-Karlovitz lemma (see [I31IIB]) asserts that 

lim \\xn — x\\ = diami^ 

n— >oo 

for every x & K. 

Suppose now that X]^, X2, X^ are Banach spaces, ip & '^^ and T : 
K ^ K is a. nonexpansive mapping acting on a weakly compact convex 
and minimal invariant subset of a direct sum (Xi © ... © X^)^. Suppose 

further that diami^' = 1 and {wn) = {{xn \ ■■■■,Xn'^)) is an approximate 
fixed point sequence for T in i^' weakly converging to (0,...,0) G K such 
that lim„^oo \\Xn'^ || = 0. The following construction (for r = 2) was proposed 
in [31]. Fix an integer A; > 1 and a sequence (e„) in (0, 1). Since ||Tw„— 
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(r) 

and ||a;„ II converge to 0, we can choose Wm in such a way that \\Twni ~ 
WniWip < £i and \\xni\\ < Ci- Let us put 

Thus we obtain a family Dl C -Dg C ... C Dl of relatively compact convex 
subsets of K. It follows from the Goebel-Karlovitz lemma and the relative 
compactness of Dl that there exists ^2 > rii such that \\Twn2 ~'i^n2\\tp < ^2, 
Wxn^W < 62 and \\wn2 — > 1 — 62 for all z G Dl. Put 

Dl = conv{{wn„w^2}),-,Dl = conv{Dl^,U T{Dl_,)). 

Again, we can find ns > n2 such that \\Twn-i ~ ""^nallv < ^3) ll^^'a II < ^3 ^^^^ 
\\Wn3 — z\\^ > 1 — £3 for all z G Dl. Put 

Df = conv({w„i, U7„2, u;„3}), Dl = conv{Dl_^ U T{Dl^-^)). 

Continuing in this fashion, we obtain by induction a subsequence (w„J of 
(wn) and a family j-D* V ^ of subsets of K such that 

(i) ||Tw„^ - m„J|^ < Ei, 

(ii) llx^T^^II < Si, 

(iii) ||wn. - z\\^ > 1- Ei for all z e Dl~^, (where Dl = 0), 

(iv) D\ = COnv{{Wn^,Wn2, ■■■,Wn,}), 

(v) D]^, = conv{D}UT{D])), 

for every i > 1 and j = 1, k — 1 (see [311 Lemma 3.1]). 
Furthermore (see [311 Lemma 3.2]), for every i > 1, j = l,...,k and 
M G -D*"*"^, there exists 2; G Z^* such that 

Ik - w|U + Ih - ^".+1 11^ < Ik - 11^ + 3(j - l)ei+i. 

We need the following simple observation regarding the set Dl. 

Lemma 3.1. If u = {y^'^\ ...,y^'''^) G Dl then \\y'-'''^\\ < ksi. 

Proof. We first show by induction that for every j G {2, k} and for every 

V e D], 

11^ -W^nJI^ < (j - l)£l- (3) 

For j = 2, D\ = conv({w„^, Tw„^}) and the inequality ^ follows from the 
fact that ||Tw„^ — w„J|^ < £1. 

Now fix j G {2, k — 1} and assume that for every u G -Dj, ||?i — w^niH^ < 
(j — l)^!. Since 

= conv(Z}juT(Z}))), 

it is enough to show that ||f — w„J|^ < je^ifor every v G T{Dj). Let v = Tu 
for some u E Dj. Then 

11^ - lU < 11^^* - Twn^ 11^ + ||Tu;„,^ - ||^ < ||?i - Wn^ ||^ + £1 < jei, 

and the proof of ([3]) is complete. 

Let Wn, = (xiV, ...,x^nl),u= {y^^\ ...,y^''^) e Dl.lt follows from ([3]) that 
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and consequently, since 



X 



Notice that if the norm || ■ ||^ on M'' is strictly monotone then for every 
£ > 0, there exists 6{e) > such that if {t^^\ ...,&-^\t'), {t^^\ ...,&-^\t") 
belong to the unit ball of (W, \\ ■ ||^) and 

then \t'\ < \t"\ +e. Indeed, otherwise, there exist > and two sequences 
{{t';^\...,t^r:~^\t'J),{{t^r^\.../:-'\t'^)) in the unit ball such that 

.(1) .(r-l) Nil ^(r-l) , i 



n 



and > \t'^\+ Sq. Passing to convergent subsequences and taking limits, 
we have 



(1) 



1^ 

and \g'\ > \g"\ + sq which contradicts the strict monotonicity of || ■ ||^. 

Thus, using Lemma [3 .11 we can follow the arguments in [511 Lemma 3.3] 
and obtain the following result. 

Lemma 3.2. Let Xi, X2, be Banach spaces, ip G "^r, one? T : K K 
a nonexpansive mapping acting on a weakly compact convex and minimal 
invariant subset K of a direct sum {Xi © ... © X^.)^ with a strictly mono- 
tone norm \\ ■ \\^. Suppose that diam.ft' = 1 and (w„) = {{xn \ ■■■,Xn^)) 
is an approximate fixed point sequence for T in K weakly converging to 
(0, ...,0) G K such that lim„_j.oo H^^fT^H = 0. Then for every positive integer 
k, there exist a sequence (£„) in (0,1), a subsequence {wnj) of (wn) and a 
family {-Dj}i<j<fc j>i of subsets of K (depending on k) such that the above 
conditions (i)-(v) are satisfied and < \ for every u = (y*-^-*, ...,y^'^^) G 

We show that the appropriate approximate fixed point sequence 
exists if M(Xj) > l,i = 1, r. 

Lemma 3.3. Let Xi,...,Xr be Banach spaces with M{Xi) > 1 for each 
i = l,...,r, ijj G \E'r, and T : K ^ K a nonexpansive mapping acting on 
a weakly compact convex and minimal invariant subset K of a direct sum 
(Xi©...©Xr)^ with a strictly monotone norm || ■ ||^. Suppose that diami^ = 

1 and (Wn) = {{xn \ ...,Xn^)) is an approximate fixed point sequence for T 

in K weakly converging to (0, ...,0) G K. Then liminf„_^oo ll^^n"''!! = for 
some Iq G {1, r}. 

Proof. Let {wn) = ((xn xl'"'')) be an approximate fixed point sequence 
for T in i^' weakly converging to (0, ...,0) G K and suppose, contrary to 

our claim, that for each 2 = 1, ...,r, liminf„^oo ||a;n^|| > 0. We can assume, 
passing to a subsequence, that 

di = min{ lim lim ||a;^''^||} > 0. 
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We claim that for every e > there exists 6i{e) > such that ii v E K 
and ||Tt> — v\\^ < 6i{e) then ||t>||^ > 1 — e. Indeed, otherwise, arguing as 
in [ini Lemma 2], there exist Eq > and a sequence C K such that 
\\Tvn — fnllv < :^ ll'^nlU ^ 1 ~ ^0 fo^ Gvery n G N. Thus (f„) is an 
approximate fixed point sequence in K, but hmsup„_^oo ll'^nlU — ^ ~ ^o, 
which contradicts the Goebel-Karlovitz lemma since (0, ...,0) G K. 

Furthermore, since {W, ||-||^) is finite dimensional and the norm ||-||^ is 
strictly monotone, for every 7] > 0, there exists 62(7]) > such that if 
(t(i),...,tW),(s(^),...,s(^)) belong to the unit ball, < | for z = 1, r 
and It^*"-*! < Is^*"-*! — 1] for some io, then 



Let 



|(t«,...,t('-))||^<||(.«,...,.M)||^-52(r]). 



A = inf min (1 + a — R(a, Xi)) 

di/6r<a<ll<i<r 



and take < 77 < Adi/3, e < min{62{ri) , di/6} (notice that A > by Lemma 
I2.ip . Choose t = 1 — |(ii,7 < min{l,5i(e)} and define the contraction 

SnX = (1 - 7)Ta; + 'ytWn- 
By the contractive mapping principle, for any G N, there exists a unique 
fixed point = {yn \ ...,yn^) of Sn. We can assume, passing to a sub- 
J converges weakly to z = {y^^\ ...,y^'''^) and the lim- 



Un y-m 



exist for each i = 1, ...,r (see. 



sequence, that 

its lim„^oo||2/i^^||,lim„,„^,o,n^^ 

e.g., m)- 

It is not difficult to see that 

\\Tzn- Zn\\^ < 1 < 5i{e) (4) 

and hence 

\\zn\\^>l-e (5) 
for every n G N. Furthermore, for every n, m G N, 

W^n ^ t (6) 

and from the weak lower semicontinuity of the norm, 
\\zn - z\\, < liminf \\Zn - ^mlL < 

Thus 

> \\Zn\\^ - \\Zn - Z\\^ > 1 - E -t >di/6 

and, consequently, there exists io G {1, ■■■,r} such that 

||/°)|| > rfi/6r (7) 

since, otherwise, 

\\z\\^<\\y^^ + \\y^^ + - + \\y^''^\\<d,/6. 

Furthermore, 

lkn-W^n|L < (I-7) ll^^n -^W^n|L + (l-7) II ^^^n. " W„ || , + 7(1 - 1) ||w„|L 



which gives 
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\Zn - Wn\\^ <l-t + ^ \\TWn - Wn||^ • 



It follows from the weak lower semicontinuity of the norm that for each 



i = l,...,r, 



\y 



(*)|| < liminf \\yi'^ - a;l*^|| < liminf - Wn\\,i, < 1 -t = -di 



n n 



1 

— ( 

3 



and from the triangle inequality, 



«| 



Hence 



hm >lrf, 

n— >oo " O 



for each i = 1 , . . . , r. Write 

d2 = 

and notice that 



lim 

n,m—>oo,n^m 



d2 = lim sup lim sup — y^*"^' 

n—^oo m—^oo 



> lim ||?/^*«) -/"^ll > 77^1 

n— >oo 3 



by dHD. It follows that 
lim : 

n— >-oo 



lim 



_ y(io) ^ y{io) 



do 



do 



< R{- 



liio) I 



do 



,Xi,)d2 < (1 + 



,(«o) I 



do 



<d2 + h'-'^m -Ad2 <d2 + 



A)d2 

-V, 



since di/Qr < \\y^^°m /d2<l. Therefore, 



lim \\zn\\^ < 



< 



(8) 



lim |||/W||,...,d2+||2/(^"^||,..., lim - Hv) 



(lim lim Ibi^) - y^^^ 11) 



I — e < lim 

n,m— >oo,n^m 



+ liminf lUn — 'U^n||,;, — £^ < ^ + 1 — ^ — ^ < 1 — £^ 



which contradicts 



□ 



We can now formulate our main result. The proof combines the argu- 
ments of [211 Theorem 3.4] and Lemma [3.31 

Theorem 3.4. Let Xi,...,Xr he Banach spaces with M{Xi) > 1 for each 
2 = 1, ...,r, ip G \E'r.. Then the direct sum (Xi © ... © X^)^ with a strictly 
monotone norm || ■ |L has the WFPP property. 
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Proof. Assume that (Xi©...©Xr)^ does not have WFPP. Then, there exist 
a weakly compact convex subset C of {Xi © ... © X,.)^ and a nonexpansive 
mapping T : C ^ C without a fixed point. By the Kuratowski-Zorn lemma, 
there exists a convex and weakly compact set K d C which is minimal in- 
variant under T and which is not a singleton. Let (w„) = {{xn \ ...,Xn^)) be 
an approximate fixed point sequence for T in K. Without loss of generality 
we can assume that diami^ = 1, converges weakly to (0, ...,0) G K 

and the limits \im.n,ra^oo,n^m \\wn-Wra\U, lim„^oo Ikn-'IM = 1, exist. 
Applying Lemma 1X51 gives lim„^oo \\Xn°'^ || = for some G {1, r} and by 
rearrangement of Banach spaces we can assume that Iq = r. Now we follow 
the arguments in [31]. Lemma [3.21 shows that for every positive integer k, 
there exist a sequence in (0, 1), a subsequence (wn^) of and a fam- 
ily {-D]}-^^^.^^ .^-j^ of subsets of K (depending on k) such that the conditions 

(i)-(v) are satisfied and \\y^^^\\ < | for every u = {y^^\ ...,?/'•''•') G IJi^i ^l- 

Let Co = {(0,...,0)} and Cj = conv(Cj_i U T(Cj_i)) for j > 1. It is 
not difficult to see that cl(lj°!^^ Cj) is a closed convex subset of K which is 
invariant for T (and hence equals K). Fix k > 1 and notice that (0, 0) G 
cl(Ui^i-^i)) because the sequence (w„Jj>i converges weakly to (0, ...,0). 
Furthermore, for j < k, 

and hence, by induction on j, 

It follows that if (yW,...,?/^) G Cj and j < A;, then (|/(i), yW) G 
cl(Ui^i -^fc) consequently, \\y^^''\\ < |- Letting A; — )■ oo, we have y*^'^^ = 
for every {y^^\ . . . , y^^^) G cl(|J°^j^Cj) = i^. Therefore, is a subset of 
(Xi © ... © Xr^i © {0})^ which is isometric to (Xi © ... © Xr-i)^' with the 
strictly monotone norm || (xi, x^-i) ||^' = || (xi, x^-i, 0)||^. Repeating 
the above procedure r — 1 times, we deduce that K is isometric to some 
Xjg,jQ G {l,...,r}. Since M{Xjg) > 1, T has a fixed point in K, which 
contradicts our assumption. □ 

Garcia Falset, Llorens Fuster and Mazcunan Navarro |Li2j| introduced 
modulus RW{a, X), which plays an important role in fixed point theory 
for nonexpansive mappings. For a given a > 0, 

RW{a, X) = sup minjliminf ||x„ + a;|| , liminf — 

n n 

where the supremum is taken over all x G X with ||x|| < a and all weakly 
null sequences in the unit ball Bx- Let 

It was proved in [121 Theorem 3.3] that M(X) > MW{X) whenever Bx* 
is w*-sequentially compact. Since a minimal invariant set K is always sep- 
arable, we obtain the following corollary. 



10 



A. WISNICKI 



Corollary 3.5. Let Xi, be Banach spaces with MW{Xi) > 1 for each 
i = I, ...,r, ip G ^r- Then the direct sum (Xi © ... © X^)^ with a strictly 
monotone norm || ■ ||^ has WFPP. 

Recall that a Banach space X is uniformly nonsquare if 
J{X) = sup min {||a; + yll , ||s — ?/||} < 2. 

x,y&Sx 

Corollary 4.4 in [12] shows that if X is uniformly nonsquare, then MW{X) > 
1. Since uniformly nonsquare spaces are reflexive, properties FPP and WFPP 
coincide and thus we obtain the following corollary. 

Corollary 3.6. Let Xi, ...,Xr be uniformly nonsquare Banach spaces, ip G 
\l'r. Then the direct sum {Xi © ... © X^)^ with a strictly monotone norm 
II ■ 11^, has FPP. 

In the case r = 2 we have a stronger, definitive result. 

Theorem 3.7. Let Xi,X2 be uniformly nonsquare Banach spaces, ip G ^^2- 
Then the direct sum Xi ©^ X2 has FPP. 

Proof. Kato, Sato and Tamura Theorem 1] proved that Xi ©^ X2 is 
uniformly nonsquare iff Xi , X2 are uniformly nonsquare and ^ ipi, ipoo (see 
also [4]). Kato and Tamura [2D1 Theorem 3.6] showed that i?(Xi©ooX2) < 2 
and hence Xi ©oo X2 has FPP. The case Xi ©1 X2 is covered by Corollary 
13. 6[ since the norm || ■ ||^^ is strictly monotone. □ 

We conclude with two fixed point theorems for asymptotically nonexpan- 
sive mappings. Recall that a mapping T : C — ?■ C is said to be asymptoti- 
cally nonexpansive in the intermediate sense if T is continuous and 

limsup sup (||T"x — T^y\\ — \\x — y\\) < 0. 

A Banach space X is said to have the super fixed point property for non- 
expansive mappings (resp. asymptotically nonexpansive mappings) if every 
Banach space Y which is finitely representable in X has the fixed point 
property for nonexpansive mappings (resp. asymptotically nonexpansive 
mappings) . 

Theorem 2.4 in [32j shows that X has the super fixed point property for 
nonexpansive mappings if and only if X has the super fixed point property 
for asymptotically nonexpansive mappings in the intermediate sense. Since 
the direct sum (Xi©...©Xr)^ of uniformly nonsquare spaces is stable under 
passing to the Banach space ultrapowers, it follows from the properties of 
ultrapowers and Corollary 13.61 (resp. Theorem 13. 7p that (Xi © ... © X^)^ 
with a strictly monotone norm (resp. Xi ©^ X2 with any monotone norm) 
has the super fixed property for nonexpansive mappings and, consequently, 
for asymptotically nonexpansive mappings in the intermediate sense. Thus 
we obtain the following theorem. 

Theorem 3.8. Let Xi,...,X,. be uniformly nonsquare Banach spaces, ip G 
^r- Then the direct sum (Xi © ... © X^)^ with a strictly monotone norm 
II ■ 11^ has the (super) fixed point property for asymptotically nonexpansive 
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mappings in the intermediate sense. The assumption about the strict mono- 
tonicity of the norm can be dropped if r = 2. 

Recall that Theorem 2.3 in [30j shows that the direct sum (Xi©...©Xr)^ 
of uniformly noncreasy spaces with a strictly monotone norm has FPP. Since 
uniformly noncreasy spaces are stable under passing to the Banach space 
ultrapowers (see [25j), the conclusion of Theorem 13.81 is also valid in this 
case. 

Theorem 3.9. Let Xi,...,Xr be uniformly noncreasy Banach spaces, G 
Then the direct sum (Xi©...©^^)^ with a strictly monotone norm \\ ■ \\^ 
has the super fixed point property for asymptotically nonexpansive mappings 
in the intermediate sense. 
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